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Abstract
The authors introduce a two-parameter function G(p, λ; z) which is shown to play an important roˆle in a unified presentation
of many interesting subclasses of analytic and p-valent functions in the open unit disk U. Making use of the familiar principle
of differential subordination, several properties and relationships involving the function G(p, λ; z) are derived. Some sufficient
conditions for p-valent starlikeness are also obtained.
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1. Introduction and definitions
Let A(p) denote the class of functions f (z) of the following form:
f (z) = z p +
∞∑
k=1
ap+kz p+k (p ∈ N := {1, 2, 3, . . .}), (1.1)
which are analytic and p-valent in the open unit disk
U = {z : z ∈ C and |z| < 1}.
Suppose also that Π denotes the class of functions r(z) given by
r(z) = 1+
∞∑
k=1
rkzk, (1.2)
which are analytic in U and satisfy the following inequality:
R (r(z)) > 0 (z ∈ U).
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A function f (z) ∈ A(p) is said to be in the class S(p, α) of p-valently starlike functions of order α in U, if it
satisfies the following inequality:
R
(
z f ′(z)
f (z)
)
> α (z ∈ U; 0 5 α < p) (1.3)
for some α (0 5 α < p). The class S(p, α) was introduced and studied by (for example) Goodman [1] and Patil and
Thakare [12]. For some recent investigations involving various subclasses of A(p), see the works by Patel et al. [11],
Srivastava et al. [15], and others (cf., e.g., [14]).
For convenience, we write
S(p, 0) =: Sp,
where Sp denotes the relatively simpler class of p-valently starlike functions in U.
A function f (z) ∈ A(p) is said to be in the class C(p, α) of p-valently convex functions of order α in U, if it
satisfies the following inequality:
R
(
1+ z f
′′(z)
f ′(z)
)
> α (z ∈ U; 0 5 α < p) (1.4)
for some α (0 5 α < p). The class C(p, α) was introduced and studied by (for example) Goodman [1] and Owa [10].
Also, for convenience, we write
C(p, 0) =: Cp,
where Cp denotes the relatively simpler class of p-valently convex functions in U.
We now define a two-parameter family of functions G(p, λ; z) by
G(p, λ; z) := (1− λ) z f
′(z)
f (z)
+ λ
(
1+ z f
′′(z)
f ′(z)
)
(z ∈ U; λ ∈ R; f ∈ A(p)) . (1.5)
Finally, we denote byM(p, λ, α) the class of functions f (z) ∈ A(p), which satisfy the following condition
R (G(p, λ; z)) > α (z ∈ U; 0 5 α < p; λ ∈ R) (1.6)
for some α (0 5 α < p) and for some real number λ. The special class given by
M
(
p,
1
1+ κ , 0
)
=:M(p, κ) (κ > −1)
was introduced by Sakaguchi [13] (see also Goodman [2, p. 143]). Moreover, the following special class of λ-convex
functions:
M(1, λ, 0) =:M(λ) (λ = 0)
was introduced by Mocanu [6] and studied subsequently by Miller et al. [5], Mocanu [7–9], and others.
It is easily observed from the above definitions that
M(p, 0, α) = S(p, α)
and
M(p, 1, α) = C(p, α).
In our systematic investigation of the two-parameter family of functions G(p, λ; z), we shall also need each of the
following definitions:
Definition 1. Let the functions f (z) and F(z) be analytic in U. The function f (z) is said to be subordinate to the
function F(z), written symbolically as follows:
f (z) ≺ F(z) (z ∈ U),
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if there exists a function w(z), analytic in U with
w(0) = 0 and |w(z)| 5 1 (z ∈ U),
such that
f (z) = F (w(z)) .
Furthermore, if the function F(z) is univalent in U, then
f (z) ≺ F(z) (z ∈ U)⇔ f (0) = F(0) and f (U) ⊂ F(U).
Definition 2. Let Ψ : C2 × U→ C be analytic in a domain D of the complex z-plane. Also, let the function h(z) be
univalent in U. If the function P(z) is analytic in U with(
P(z), z P ′(z)
) ∈ D (z ∈ U),
then we say that P(z) satisfies a first-order differential subordination when
Ψ
(
P(z), z P ′(z); z) ≺ h(z) (z ∈ U). (1.7)
Definition 3. A univalent function q(z) is called the dominant of the differential subordination (1.7), if
P(z) ≺ q(z) (z ∈ U)
for all functions P(z) satisfying the subordination (1.7). Moreover, if
q˜(z) ≺ q(z) (z ∈ U)
for all dominants of (1.7), then we say that q˜(z) is the best dominant of (1.7).
2. Differential subordination associated with G( p, λ; z)
Before stating and proving our main result, we recall the following lemma due to Miller and Mocanu [3] (see
also [4, p. 132]).
Lemma. Let the function q(z) be univalent in U, and let the functions θ and φ be analytic in a domain D containing
q(U), with φ(w) 6= 0 when w ∈ q(U). Set
Q(z) = zq ′(z) φ (q(z)) and h(z) = θ (q(z))+ Q(z)
and suppose that either
(i) h(z) is convex in U
or
(ii) Q(z) is starlike in U.
Assume also that
(iii) R
(
z h′(z)
Q(z)
)
> 0 (z ∈ U).
If the function r(z) is analytic in U, with r(0) = q(0), r(U) ⊂ D, and
θ (r(z))+ z r ′(z) φ (r(z)) ≺ θ (q(z))+ z q ′(z) φ (q(z)) = h(z), (2.1)
then
r(z) ≺ q(z) (z ∈ U)
and q(z) is the best dominant of (2.1).
We now prove the following result.
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Theorem 1. Let λ ∈ R \ {0} and f (z) ∈ A(p). Suppose also that the function q(z) is univalent in U, with
q(0) = 1 and q(z) 6= 0 (z ∈ U),
and satisfies each of the following inequalities:
R
(
1+ z q
′′(z)
q ′(z)
− z q
′
(z)
q(z)
)
> 0 (z ∈ U) (2.2)
and
R
(
1+ z q
′′(z)
q ′(z)
− z q
′(z)
q(z)
+ p
λ
q(z)
)
> 0 (z ∈ U). (2.3)
If
G(p, λ; z) ≺ p q(z)+ λ z q
′(z)
q(z)
(z ∈ U), (2.4)
then
1
p
z f ′(z)
f (z)
≺ q(z) (z ∈ U)
and q(z) is the best dominant of (2.4).
Proof. We choose
r(z) = 1
p
z f ′(z)
f (z)
, θ(w) = w and φ(w) = λ
pw
.
Then θ(w) and φ(w) are analytic inside the domain
D∗ := C \ {0},
which contains q(U), q(0) = 1, and
φ(w) 6= 0 when w ∈ q(U).
Next, we define the functions Q(z) and h(z) by
Q(z) = z q ′(z) φ (q(z)) = λ
p
z q ′(z)
q(z)
(2.5)
and
h(z) = θ (q(z))+ Q(z) = q(z)+ λ
p
z q ′(z)
q(z)
. (2.6)
It follows from (2.2) and (2.3) that Q(z) is starlike in U and
R
(
z h′(z)
Q(z)
)
> 0 (z ∈ U).
We note also that the function r(z) is analytic in U, with
r(0) = q(0) = 1,
since 0 6∈ r(U). Therefore,
r(U) ⊂ D∗.
Thus, the hypotheses of the Lemma are satisfied and we find that, if
θ (r(z))+ z r ′(z) φ (r(z)) = 1
p
{G(p, λ; z)} ≺ h(z) (z ∈ U), (2.7)
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then
1
p
z f ′(z)
f (z)
≺ q(z) (z ∈ U)
and q(z) is the best dominant of (2.4). 
Remark 1. If q(z) ∈ Π and λ > 0, then we can omit the condition (2.3) in Theorem 1.
Remark 2. If q(z) ∈ Π and λ < 0, then we can omit the condition (2.2) in Theorem 1.
Theorem 2. For λ > 0 and 0 5 α < p, if f (z) ∈ A(p) and
G(p, λ; z) ≺ (p − 2α)
2z2 + 2 [p(p − 2α)+ λ(p − α)] z + p2
(1− z)[p + (p − 2α)z] (z ∈ U), (2.8)
then the function f (z) is p-valently starlike of order α in U.
Proof. For 0 5 α < p and z ∈ U, we first put
q(z) =
1+
(
1− 2αp
)
z
1− z ∈ Π
in Theorem 1. Then, since
R
(
1+ z q
′′(z)
q ′(z)
− z q
′(z)
q(z)
)
= R
 1
1− z +
1
1+
(
1− 2αp
)
z
− 1
 > 0 (z ∈ U),
the proof of Theorem 2 is completed. 
Remark 3. Letting λ→ 0+ in (2.8), we have
z f ′(z)
f (z)
≺ p + (p − 2α)z
1− z (z ∈ U),
which implies that the function f (z) is p-valently starlike of order α in U.
Theorem 3. Let λ < 0 and z ∈ U ∩ E, where
E := {z : A(p, λ, α; z)R(z)+ B(p, λ, α; z) > 0} ,
A(p, λ, α; z) := −pλ(p − 2α) |1− z|2 + [λ+ 2(p − α)] · |p + (p − 2α)z|2 , (2.9)
and
B(p, λ, α; z) := |1− z|2 [(p + λ− 2α) |p + (p − 2α)z|2 − p2λ]
− [λ+ 2(p − α)] · |p + (p − 2α)z|2 . (2.10)
If f (z) ∈ A(p) and G(p, λ; z) satisfies the condition (2.8), then the function f (z) is p-valently starlike of order α in
U.
Proof. For 0 5 α < p and z ∈ U, we first set
q(z) =
1+
(
1− 2αp
)
z
1− z
in Theorem 1. Then, after some calculations, we observe that
R
(
1+ z q
′′(z)
q ′(z)
− z q
′(z)
q(z)
+ p
λ
q(z)
)
= − A(p, λ, α; z)R(z)+ B(p, λ, α; z)
λ |1− z|2 · |p + (p − 2α)z|2 > 0 (z ∈ U ∩ E),
which completes the proof of Theorem 3. 
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3. Sufficient conditions for p-valent starlikeness
By setting α = 0 in Theorems 1 and 2, we readily arrive at Corollaries 1 and 2 below.
Corollary 1. For λ > 0, if f (z) ∈ A(p) and
G(p, λ; z) ≺ p z
2 + 2(p + λ)z + p
1− z2 (z ∈ U), (3.1)
then the function f (z) is p-valently starlike in U.
Corollary 2. For λ < 0 and
z ∈ U ∩ E∗
(
E∗ :=
{
z : (λ+ p)(1+ |z|2)+ 2p R(z) < 0
})
, (3.2)
if f (z) ∈ A(p) and the function G(p, λ; z) satisfies the subordination relation (3.1), then the function f (z) is
p-valently starlike in U.
Finally, by taking α = 0 and λ 5 −2p in Theorem 3, we obtain the following sufficient condition for p-valent
starlikeness.
Corollary 3. For λ 5 −2p and z ∈ U, if the function G(p, λ; z) satisfies the subordination relation (3.1), then the
function f (z) is p-valently starlike in U.
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